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A QUASIFIBRATION OF SPACES OF POSITIVE SCALAR
CURVATURE METRICS
VLADISLAV CHERNYSH
Abstract. In this paper we show that for Riemannian manifolds with bound-
ary the natural restriction map is a quasifibration between spaces of metrics of
positive scalar curvature. We apply this result to study homotopy properties
of spaces of such metrics on manifolds with boundary.
1. Introduction
The purpose of this note is to establish the fact that a natural restriction map
in Riemannian geometry is a quasifibration of metrics of positive scalar curvature
and discuss some applications to the study of spaces of positive scalar curvature
metrics.
IfM is an open manifold, then, by a result of Gromov [Gro69], there always exists
on M a metric of positive sectional curvature. However, such a metric, in general,
will not be complete. So, when studying metrics of positive scalar curvature on
manifolds with boundary, it is necessary to impose some sort of boundary condition.
It is natural to require that a metric is a product near the boundary.
Let M be a manifold with boundary ∂M . We fix a collar c : ∂M × (−1, 0]→M
and define the space R+(M) of metrics of positive scalar curvature on M that
restrict to a product metric near the boundary with respect to c. We take the
usual Fre´chet topology on this space. This topology is defined by the collection of
Ck-norms ‖.‖k on the space of all Riemannian metrics R(M
n) with respect to some
reference metric h: ‖g‖k = maxi≤k supMn |∇
ig|. The topology does not depend on
the choice of the metric h.
By R+0 (∂M) we denote the image of R
+(M) under the restriction map
ρ : R+(M)→R+(∂M),
where ρ(g) := g|∂M . We assume that R
+(M) is non empty, which, of course,
implies that R+0 (∂M) is non empty.
The definition of a quasifibration is due to Dold and Thom [DT58]. A surjective
map p : E → B is a quasifibration if for all x ∈ B, all y ∈ p−1(x), and all i ≥ 0 we
have πi(E, p
−1(x), y) ≈ πi(B, x).
Theorem 1.1. The map ρ : R+(M)→R+0 (∂M) is a quasifibration.
To show that a map between topological spaces f : X → Y (we take Y to be path
connected) is a quasifibration it suffices to show that its fiber f−1(y0) is homotopy
equivalent to its homotopy fiber under the canonical inclusion map. The homotopy
fiber of f is defined by replacing f by the Serre path fibration fˆ : Xˆ → Y and
taking the fiber Ωy0 := fˆ
−1(y0), some y0 ∈ Y . Then Ωy0 = {(x, ω)} where a path
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ω : [0, 1] → Y is such that ω(0) = f(x) and ω(1) = y0. Any two Ωy0 and Ωy1 are
homotopy equivalent. It follows that the homotopy type of the homotopy fiber is
well defined and we denote it as Ω.
The idea of the proof is to introduce an intermediate space Ωs, which is defined
by taking smooth paths ω in the definition of Ω. Then one can show that Ωs is
homotopy equivalent both to the fiber of ρ and to the homotopy fiber of ρ, see
Lemmas 2.2 and 2.3.
One of important geometric implications of Theorem 1.1 is Theorem 1.2.
A Hausdorff space X is a topological manifold in the sense of Palais [Pal66]
if there exists an open covering {Oα} of X and a family of maps {θα : Oα →
Vα}, where each Vα is locally convex topological vector space and each θα is a
homeomorphism of Oα onto either an open subset of Vα or an open subset of a half
space of Vα.
Theorem 1.2. Let A be a contractible subset of R+0 (∂M). Suppose that A is a
metrizable topological manifold. Then for any point a ∈ A the inclusion i : ρ−1(a)→
ρ−1(A) is a homotopy equivalence.
Remark 1.1. The conclusion of the above Theorem is also true under the assump-
tion that ρ−1(A) is an ANR or, more generally, is dominated by a CW -complex.
The author does not know whether these properties follow from A merely being
contractible.
In particular, if h0 and h1 are in the same path connected component ofR
+
0 (∂M),
then the spaces of positive scalar curvature metrics that near the boundary restrict
to a product with correspondingly h0 and h1 are homotopy equivalent.
Another geometric consequence of Theorem 1.1 is an extension of results in [Che]
to manifolds with boundary.
Let Nn−k ⊂Mn, k ≥ 3, be a submanifold of Mn. We assume that there exists a
tubular neighborhood τ : N×Dk →M , such that the restriction τ : ∂N×Dk → ∂M
is a tubular neighborhood of ∂N in ∂M . We also assume that the collar c is
compatible with N in the sense that its restriction to ∂N × (−1, 0] is a collar for
∂N .
We fix a metric gN on N , and a torpedo metric g0 on D
k (a torpedo metric in the
disc Dk is an O(k)-symmetric, positive scalar curvature metric, which is equal to a
k-sphere metric near the center of the disc and is a product with a (k − 1)-sphere
metric near the boundary of the disc), such that the metric gN + g0 has positive
scalar curvature on N ×Dk. Here the fixed metric gN can be any metric subject
to the only requirement that it is a product near the boundary ∂N .
Let h0 ∈ R
+
0 (∂M). Since codimension of ∂N in ∂M is greater than 2, from [Che]
we may assume that τ∗(h0) = gN |∂N + g0. We define
(ρ−1(h0))0 := {g ∈ ρ
−1(h0)|τ
∗(g) = gN + g0}.
Theorem 1.3. Suppose that R+(M) is not empty. Then the inclusion map
i : (ρ−1(h0))0 → ρ
−1(h0)
is a homotopy equivalence.
Example 1.1. Let Mn be a manifold with a khandle Dn−k ×Dk, such that k ≥
3 and R+(Mn) is nonempty. Let g1 be a metric (which is a product near the
boundary) on Dn−k and g0 is a torpedo metric on D
k, such that g := g1 + g0
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has positive scalar curvature. Then for any h0 ∈ R
+
0 (∂M) the space ρ
−1(h0) is
homotopy equivalent to the subspace of ρ−1(hˆ0) consisting of metrics that restrict
to the metric g on the handle. Here the metric hˆ0 is obtained by deforming h0 to
be equal to g1|Sn−k−1 + g0 on S
n−k−1 ×Dk ⊂ ∂M , see [Che] for details.
2. Proofs of Theorems
Given a smooth path of metrics α : I → R+(X) on a closed smooth manifold
X , we would like to put a positive scalar curvature metric on X ×R. However, in
general, the scalar curvature of the obvious metric g(x, t) = α(t)(x) + dt2 will not
be positive.
We fix a smooth function F : R → [0, 1] such that 0 ≤ F ′ < 2, F (t) = 0, t ∈
(−∞, ǫ], F (t) = 1, t ∈ [1− ǫ,∞), for some 0 < ǫ < 1/4, and for a positive number
τ we define a function Fτ : R→ R, by Fτ (t) = F (
t
τ
).
Let
gατ (x, t) := α(Fτ (t))(x) + dt
2.
Define
S′(α) := inf
t>0
{gατ is a psc metric for all τ ≥ t},
S(α) := max(S′(α), 1).(1)
The function S′(α) is clearly upper semi-continuous. By the Lemma 2.1 below,
it is also lower semi-continuous. It follows that S is continuous and defines a metric
on X ×R by the formula
(2) gαt0(x, t) := α(Ft0(t))(x) + dt
2,
where t0 := S(α). By the same Lemma, this metric has positive scalar curvature
and is a Riemannian product near X × 0 and X × t0.
Lemma 2.1. Let α : [0, 1]→ R+(Xn) be a C∞-family of positive scalar curvature
metrics on a compact closed manifold Xn, then
(i) ∃λ > 0 such that gλ(t) := α(Fλ(t)) + dt
2 ∈ R+(Xn × [0, λ]) and gλ is a
product metric near the boundary (X × 0) ∪ (X × 1) of X × [0, λ];
(ii) if t0 = S(α) is a positive number, then ∀n = 1, 2, 3, . . . ∃ tn > 0, xn ∈
Xn, τn ∈ [0, tn] such that, t0 −
1
n
< tn < t0 and the scalar curvature of
α(Ftn(t)) + dt
2 at (xn, τn) is negative.
Proof. (i) Denote gλ(x, t) := α(Fλ(t))(x)+dt
2. Let (x0, τ0) be a point in X
n×[0, λ].
Take normal coordinates for α(Fλ(τ0)) at a point x0 ∈ X
n. In these coordinates,
we get gλij(x0, τ0) = δij , Γ
k
ij = 0 for 1 ≤ i, j, k ≤ n. Recall that
Γkij =
1
2
gkl(∂igjl + ∂jgil − ∂lgij).
Since gλi,n+1 ≡ 0 for 1 ≤ i ≤ n, we get in our normal coordinates at (x0, τ0)
Γkij(x0, τ0) = 0 for 1 ≤ i, j, k ≤ n
Γn+1n+1,i ≡ 0 for 1 ≤ i ≤ n+ 1
Γin+1,j(x0, τ0) =
1
2
∂n+1gij(x0, τ0) for 1 ≤ i, j ≤ n
Γn+1ij (x0, τ0) = −
1
2
∂n+1gij(x0, τ0) for 1 ≤ i, j ≤ n.
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And the equation for sectional curvature are
Rsijk = ∂jΓ
s
ik − ∂iΓ
s
jk + Γ
l
ikΓ
s
jl − Γ
l
jkΓ
s
il
Rijks = R
l
ijkgls
Kij = (∂i, ∂j , ∂i, ∂j) = Rijij
From the Gauss equation for curvature we get for 1 ≤ i, j ≤ n
Kij = Kij + (biibjj − b
2
ij).
The remaining sectional curvatures
Ki,n+1 = R
n+1
i,n+1,i
= ∂n+1Γ
n+1
ii − ∂iΓ
n+1
n+1,i + Γ
l
iiΓ
n+1
n+1,l − Γ
l
n+1,iΓ
n+1
il
= ∂n+1Γ
n+1
ii − Γ
l
n+1,iΓ
n+1
il
= −
1
2
∂2n+1gii − (
1
2
∂n+1gli)(−
1
2
∂n+1gil)
= −
1
2
∂2n+1gii +
1
4
n+1∑
l=1
(∂n+1gil)
2.
Then the scalar curvature at a point (x0, τ0) is given by the formula
κ = κX +
n∑
i,j=1
(b2ij − biibjj)
−
n∑
i=1
∂2n+1gii +
1
2
n∑
i,j=1
(∂n+1gij)
2.
Now, we have that bij = Γ
n+1
ij = −
1
2∂n+1gij(x0, τ0) and the formulas for the deriva-
tives
∂n+1gij(x0, τ0) =
1
t0
F ′(τ0)α
′
(
F
(
τ0
t0
))
ij
(x0)
∂2n+1gij(x0, τ0) =
1
t20
F ′′(τ0)α
′
(
F
(
τ0
t0
))
ij
(x0)
+
1
t20
(F ′(τ0))
2α′′
(
F
(
τ0
t0
))
ij
(x0)
The scalar curvature for the product may now be expressed as
κ = κX +
1
4
1
t20
n∑
i,j=1
(
F ′
(
τ0
t0
))2 (
(α′ij)
2 − α′iiα
′
jj
)
(x0)
+
1
t20
n∑
i=1
(
F ′′
(
τ0
t0
)
α′ii(x0) +
(
F ′
(
τ0
t0
))2
α′′ii(x0)
)
+
1
2
1
t20
n∑
i,j=1
(
F ′
(
τ0
t0
))2 (
α′ij(x0)
)2
To finish the proof, notice that κX is positive for all (x, τ) ∈ X
n × [0, t0].
(ii) Suppose t0 > 0 and let (x0, τ0) be a point in X
n × [0, t0] where the scalar
curvature is not positive. Such a point always exists since the κ > 0 is an open
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condition and if the scalar curvature is everywhere positive we can find t1 < t0 such
that the metric corresponding to t1 will have positive scalar curvature. Now , freeze
the values of t0, τ0, and x0 which are in the arguments for the functions F, α and
their derivatives, and regard the resulting function as a function of the inverse of t0.
In the light of the argument above it has a positive derivative at t0, and its value
at t0 is less or equal than 0. So in an arbitrary neighborhood on the left from t0 we
can find a value tn such that our function will be strictly negative at the point tn.
Now, “unfreezing” only τ0 we can find a number τn such that
τn
tn
= τ0
t0
. The point
(x0, τn) is the one that we were seeking. 
We fix a metric h0 ∈ R
+
0 (∂M) and consider the homotopy fiber Ω of ρ at h0,
Ω = {(g, ω)| ω(0) = ρ(g), ω(1) = h0}. The topology on this fiber is the usual
compact open topology. The smooth homotopy fiber Ωs is defined analogously by
taking ω to be a smooth path. We take the Fre´chet topology on the smooth fiber.
There is a natural embedding i of the fiber ρ−1(h0) into Ω
s, i(g) = (g, ∗), where
∗ is the constant path ∗(t) = h0.
Lemma 2.2. The map i : ρ−1(h0)→ Ω
s is a homotopy equivalence.
Proof. Let (g, ω) be a point in Ωs and V0 be a constant outward normal vector
field on ∂M of the unit length. We take a smooth cutoff function ψ on R with
ψ(−3/4) = 0, ψ(−1/4) = 1, and define a vector field on M by setting
V (x) =
{
ψ(t)S(ω)V0 x = c(a, t)
0 otherwise
,
where S is defined by the formula 1. Extend this vector field toM∪(∂M×[0,∞)) as
a constant vector field S(ω)V0 on ∂M×[0,∞) and denote by Φ
S
1 the diffeomorphism
determined by the flow of this vector field at t = 1. Then ΦS1 (M) = M ∪ (∂M ×
[0, S]). Define
gω =


g on M
gωt0 on ∂M × [0, S]
h0 on ∂M × [S,∞)
,
where gωt0 is given by the formula 2.
Now, we define an inverse map r : Ωs → ρ−1(h0) as
r(g, ω) :=
(
Φ
S(ω)
1
)∗
(gω).
Here we take the restriction of the pullback metric to M .
For u ∈ [0, 1] we define a path ωu(τ) := ω((1− u)τ + u). Let g
ω
uF be the metric
that is defined exactly as gω by taking the function uF instead of F . The homotopy
H : Ωs × [0, 1]→ Ωs of i ◦ r to the identity map is given by
H((g, ω), u) =


((
Φ
2uS(ω)
1
)∗
(gω0F ), ω0
)
0 ≤ u ≤ 1/2,((
Φ
S(ω)
1
)∗
(gω(2u−1)F ), ω2u−1
)
1/2 ≤ u ≤ 1.
When u is equal to 0, the map H(·, 0) is the identity map on Ωs. When u = 1, the
map H(·, 1) is equal to i ◦ r. 
Lemma 2.3. The inclusion map i : Ωs → Ω is a homotopy equivalence.
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Proof. The proof is completely analogous to the proof of Theorem 17.1 in [Mil63].
Since Ω is an open subset of a locally convex topological vector space, we can
cover it with convex open sets. Then take Ωk, the space of all paths ω such that
ω
(
[(j − 1)/2k, j/2k]
)
is contained in some element of the covering. The space Ω
is a homotopy direct limit of Ωk and the space Ω
s is a homotopy direct limit of
Ωsk := i
−1(Ωk). By Milnor’s argument, the map
i|Ωs
k
: Ωsk → Ωk
is a homotopy equivalence. Here, the inverse map is defined by taking a path ω ∈ Ωk
and assigning to it a piece-wise linear path that coincides with ω at points j/2k.
Then we smooth the resulting path by pre-composing with a smooth function that
maps j/2k to j/2k and all of whose derivatives vanish at points j/2k. This finishes
the proof. 
Proof of Theorem 1.2. If p : E → B is a quasifibration over a contractible space B
then for any point b ∈ B the inclusion of the fiber p−1(b) → E induces a weak
homotopy equivalence. From Palais [Pal66] we know that ρ−1(a) and ρ−1(A) are
both dominated by CW -complexes. For such dominated spaces a weak homotopy
equivalence is, in fact, a homotopy equivalence by a theorem of J. H. C. Whitehead.
From Theorem 1.1 it follows that the inclusion map i is a homotopy equivalence. 
Proof of Theorem 1.3. As in the proof of Theorem 1.2, it suffices to show that i is
a weak homotopy equivalence. In [Che] a method for deforming compact families of
metrics of positive scalar curvature was developed, which allowed to prove the weak
homotopy equivalence in the case of closed manifolds M and N . This deformation
can be readily adapted to manifolds with boundary and has an important property.
Namely, it preserves the product structure with respect to the fixed tubular map
τ , i.e. if τ∗(g) = gN + g0, then for the deformation metrics g(t), t ∈ [0, 1] we have
τ∗(g(t)) = gN + g0(t) and g(t) is constant outside of the tubular neighborhood of
N . The problem is that, in general, g0(t) is not equal to g0, so this deformation
takes us outside the fiber ρ−1(h0).
The solution is to introduce a subspace A ⊂ R+0 (∂M) consisting of metrics that
are equal to h0 outside τ(∂N ×D
k) and equal to gN |∂N +gw on τ(∂N ×D
k). Here,
gw is a warped metric in the disc, i.e. gw = g(t)
2dt2 + f(t)2dξ2, where dξ2 is the
standard metric of the (k−1)-sphere of radius 1, g is a smooth even function, and f is
a smooth odd function. Note that g0 ∈ A, i.e. a torpedo metric is a warped metric.
Then, from the construction of the deformation, we have that gw(t) is a warped
metric for all t ∈ [0, 1]. This allows us to conclude a weak homotopy equivalence
(and, therefore, a homotopy equivalence) between (ρ−1(h0))0 and ρ
−1(A).
From [Che] it follows that the inclusion map h0 → A is a weak deformation
retraction, cf. Theorem 4.1 in [Che]. Now, the proof follows from Theorem 1.2. 
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